Abstract
I. INTRODUCTION
The Ising antiferromagnet (AF) in transverse and longitudinal magnetic fields divided into two equivalent interpenetrating sublattices A and B, which is described by the following 
where J is a positive coupling constant, which stands for the antiferromagnetic interaction between the magnetic moments (electrical origin), i, j represents the sum over all pairs of nearest-neighbour spins on a cubic lattice, σ The magnetic susceptibility measures the capacity of a material to magnetise under the action of an external magnetic field. This property has been studied extensively in recent years. Some new results for the magnetic susceptibility for crystal fields and Kondo effect were obtained by Desgranges [1] . Kashif, et al. [2] have studied the effects of copper addition on density and magnetic susceptibility of lithium borate glasses:
, where x = 0, 5, 10, 15, 20 and 25 mol%. At low temperatures, the dc magnetic susceptibility measurements for the heavy fermion CeCu 6−x Au x show an anomalous behaviour for the quantum critical concentration x = 0.1: The temperature dependence near to the quantum phase transition χ −1 ∼ θ + T α shows a coefficient α = 0.8 [3] . These results have been confirmed in some literatures [4, 5] .
Recently, an intrinsic magnetic susceptibility of height purified single-wall carbon nanotubes [6] . The effect of fast neutron irradiation on the magnetic susceptibility and magnetoresistance of Si whiskers with impurity concentration in metal-insulator transition they were observed by Druzhinin, et al. [7] . Inelastic and quasi-elastic excitations in the neutron scattering on the compounds CeCo 1−x Cu x Al 4 (x = 0, 0.05, 0.1) have been studied the antiferromagnetic ordering temperature, where the crystal field manifestation in inelastic neutron scattering, magnetic susceptibility and specific heat can be observed on the compounds CeCoAl 4 [8] . Experimentally, another interesting analysis is the magnetism of linear chains antiferromagnetic at high temperatures by study of the dynamics susceptibility [9] of the hydrated compounds RbCoCl 3 · 2H 2 O.
For these several years [10] , magnetic phenomena with frustration or competing interations have been studied, because it is considered to be one of the most essential mechanisms for spin glass (SG) phenomena [11] . The pure transverse Ising model (TIM) has been used to describe a variety of physical systems, for example, correlation functions for lattice gauge theories with action Boltzmann factor [15] , thermodynamical properties of the mixed with four-spin interactions [16] , critical behavior in two dimensional of the fidelity susceptibility [17] , effect of surface dilution [18] , description ferromagnetism in a transverse Ising antiferromagnet [19] , reentrant phenomenona in nanosystems [20] and effects of the randomly in thin film [21] .
Using EFT-1 with finite cluster N=1 spin, in the present paper, we investigate the magnetic susceptibility analysis on the transverse of the Ising antiferromagnet in both external longitudinal and transverse fields. This work is organized as follows: In Sec. II we outline the formalism and its application to the transverse Ising antiferromagnetic longitudinal magnetic field; in Sec. III we discuss the results; and finally, in Sec. IV we present our conclusions.
II. FORMALISM
It was originally introduced by de Gennes [22] In order to treat the model (1) on a simple cubic lattice through the EFT-1 approach, we consider a simple example of cluster on a lattice consisting of a central spin surrounded by z spins. Then, these z spins are substituted by an effective field, which is proportional to the thermal average of the central spin. Accordingly, the Hamiltonian for this cluster is
given by
and
From the Hamiltonians (2) and (3), we obtain the average magnetizations in sublattices A,
, and B, m B = σ z 1B , using the approximate Callen-Suzuki [37] , which are given by
where a 1A = J 
with
where β x = sinh(JD x ) and α x = cosh(JD x ). The Eqs. (6) and (7) are rewritten in terms of multiple spin correlation functions. We remark that it is very difficult to address all the correlations between the spins in Eqs. (6) and (7). So, in this work we resort to decouple the right-hand sides of Eqs. (6) and (7), in such a way that
where i = j = . . . = l and m µ = σ Then, by the use of the approximation (9), the Eqs. (6) and (7) are rewritten as follows
where the coefficients A p (T N , h, δ) are obtained by means of the mathematical property exp(αD x )F (x) = F (x + a).
Close to the critical point, and in terms of the uniform m = 
On the other hand, due to the fact that we only observed second-order phase transitions, we analysed only the Eqs. (14) and (15) in the limit of m s → 0, so as to obtain the phase diagram. So we could locate the second-order line using the fact that m A = m 0 + m s in Eq.
(13), thus:
at the critical point in which m s = 0, δ = Ω/J and h = H/J.
Therefore, we could find a solution for the second-order critical frontier, being m s the order parameter, which is suitable for describing the phase transition of the model (1).
It is important to mention that the magnetizations of the two sublattices are not equal for m s = 0, and the system is in the antiferromagnetic phase. Nervertheless, the magnetizations of the two sublattices are equal for m s = 0, so the system is in the saturated P phase.
The initial magnetic susceptibility χ s is calculated by the derivative of the magnetization function m s (H) given by the subtraction of the equations (10) and (11), i. e.,
where Θ(m, m s ) and ∆(m, m s ).
III. RESULTS AND DISCUSSIONS
In Figs In Fig. 1.(a) , for h = 6.20 and δ = 0.7, the phase transition occurs at only one point (divergence of χ s ) in T
(1) N = 3.230. However, inside the reentrant region when we increased the value of h, we find another transition peak. In the same figure, we find that for h = 6.30 and δ = 0.7 we have T In Fig. 1. (b) , the same behavior appears when we fix the value of h and increase the value of δ. For case h = 6.20 and δ = 0.2, the phase transition occurs at two one point in T The two transition points can also be seen in Fig. 1. (c) , where we observe three behavior of the susceptibility as a function of temperature with some values of h and δ. For case h = 6.05 and δ = 0.01, the phase transition occurs at two one point in T (1) N = 3.179. For the occurrence of these reentrant phenomenon in a certain appropriate range of h and δ, explanation of mechanisms has been given by Neto and de Sousa [38] . In this work the phase diagram in the h − T plane is presented with selected values of δ that show the presence of reentrant behaviour in the region of low temperature, see Fig. (1.d) .
IV. CONCLUSIONS
These magnetic phenomena in which frustration and competitive interactions are involved, have been studied due to the fact that they are considered one of the most essential mechanism for spins glass phenomena and more recently in behaviours of multiple reentrant glass transitions in confined hard-sphere glasses [39] . This phenomenon appears in glass transition in a colloid polymer mixture with depletion attractions [40] showing that in the introduction in the short-range attraction to a colloid suspension of nearly hard spheres by addition of a free polymer produces this phenomenon.
In both cases it appears the two transition points near the second transition point the derivative dχ s /dT > 0 is positive and at high-temperature the entropy is the predominant factor and the system is then in the disordered P phase but with an AF bias due the applied fields. This is a good model that could represent multiple magnetic transitions as it is seen experimentally in some materials [13, 14] . As expected, χ s increases rapidly with increasing temperature and diverges at the critical point T c and and behavior is presented as 1/T in the limit of high-temperature, as expected.
In this work we analyze the reentrant behavior on the magnetic susceptibility on the region of the reentrant phenomenon using the EFT-1. Our results are consistent with secondorder transitions from the AF ordered to the P disordered phase at zero transverse field.
Furthermore, the investigations of this model with quenched disorder is expected to show many characteristic phenomena, as already analysed in models of metal-insulator transition [41] . This will be discussed in future work. (1.c), we vary both the fields. In the Fig. (1.d) , we reproduce the h − T phase diagram obtained by Neto and de Sousa [38] we show for the reentrant region.
